In this paper we apply the asymptotic expansion method to obtain a nonlinear adaptive elastic rod model. We first consider the model of Cowin and Hegedus with later modifications, and with a remodeling rate equation depending nonlinearly on the strain field and for a thin rod whose cross section is a function of a small parameter. Based on the asymptotic expansion method for the elastic case, we prove that, when the small parameter tends to zero the solution of the nonlinear adaptive elastic rod model converges to the leading term of its asymptotic expansion. Moreover, we show that this term is also the solution of a well-known simplified adaptive elastic model, with generalized Bernoulli-Navier equilibrium equations and a remodeling rate equation whose driving mechanism is the strain energy per unit volume, in good agreement with some of the models used in practice.
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In [1, 2] a theory of adaptive elasticity is proposed for the mathematical modeling of the physiological process of bone remodeling. This theory constitutes a generalization of linearized elasticity. The basic system of equations governing the adaptive elasticity model couples the equilibrium and constitutive equations with an ordinary differential equation with respect to time, which is the remodeling rate equation. This latter equation mathematically expresses the process of absorption and deposition of bone material due to an external stimulus and is a consequence of mass conservation. The unknowns of the model are the displacement vector field of the body and the change in volume fraction of the elastic material, which is a scalar vector field. These two unknowns are coupled in the model, because the material coefficients depend on the change in volume fraction and the remodeling rate equation depends on the displacement vector field. In particular, the displacement vector field is the solution of the equilibrium equations and the change in volume fraction is the solution of the remodeling rate equation.
We begin by considering the model derived in [1, 2] , but with the modification proposed in [3] , in such a way that the remodeling rate equation is nonlinear on strain, whereas the elastic stress is linear on strain and the body is a thin elastic rod, whose cross section area depends on a small parameter. The justification of these choices regarding the modeling, the type of equations and the geometry of the body are next described. We adopt in our model the modification proposed in [3] (for the case of a remodeling rate equation linear in strain and a generic geometry for the body) in order to be able to prove the existence of a solution. The nonlinear and linear dependence on strain, by the remodeling rate equation and by the elastic stress, respectively, is a consequence of experiments and clinical observations as pointed out in [2] . Finally, we choose the specific geometry described before, because one of the main objectives of the paper is to investigate the behavior of the adaptive elasticity model and the corresponding solution, when the geometric small parameter tends to zero. To this end we apply the asymptotic expansion method described in [4] .
Based on the elastic case [4] , we assume that the unknown displacement vector field admits an expansion of positive powers of the geometric small parameter. This assumption immediately induces that the other unknown of the model, that is the change in volume fraction of elastic material, possesses an asymptotic expansion of the same type. This fact is a straightforward consequence of the dependence of the remodeling rate equation on the displacement vector field and also a consequence of an additional condition (physically justified) imposed on the type of dependence of the material coefficients on the change in volume fraction.
The main results of the paper show that the displacement vector field and the change in volume fraction converge to the first terms of the corresponding asymptotic expansions. Moreover, the limit model is a simplified adaptive elasticity model, with generalized Bernoulli-Navier equilibrium equations and a remodeling rate equation whose driving mechanism is the strain energy per unit volume, in good agreement with some of the most popular models used in practice.
The structure of the paper is organized as follows. In Section 2 we describe the model for the thin elastic rod and state an existence and uniqueness result. In Section 3 we describe the main results of the paper. We introduce some hypotheses and redefine the problem in a set independent of the small parameter in Section 3.1. Next, in Sections 3.2 and 3.3 we identify the first term of the asymptotic expansion of the displacement vector field and the first three terms of the asymptotic expansion of the change in volume fraction. In Section 3.4 we indicate an existence and uniqueness result for the limit problem. The strong convergences of the two asymptotic expansions to the corresponding leading terms is proved in Section 3.5. In Section 3.6 we show that all the previous results can be particularized for the case of an adaptive elasticity model, with a remodeling rate equation depending linearly on the strain field, and we also derive other weak convergence results for this linear case. Finally, some conclusions are presented in the last section of the paper.
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In this section we begin by introducing the principal notations used in the paper. Next we formulate the three-dimensional nonlinear adaptive elastic rod problem. The formulation is based on the model derived in [1, 2] for adaptive elasticity, with the same modifications proposed in [3] . The existence and uniqueness of solution is stated in Theorem 1. (17) with % a positive constant independent of 4, 1 and . Of course all the properties stated in (17) also apply to the modified elasticity coefficients % 1 9 defined in (6) because of the properties of # 3 and .
There are very few experimental data on the functions 
With the previous definition we have
that is, the driving mechanism associated with the remodeling rate equation (8) is the strain energy per unit volume ! 1 9 & 1 9 8 1 9 as some experimental evidence suggests. The system (5)-(9) is an adaptive elasticity problem, which models the physiological process of bone remodeling. It generalizes the linear elasticity model and differs from this latter, because of the remodeling rate equation, which mathematically expresses the process of absorption and deposition of bone material due to an external stimulus. Equation (8) specifies the rate of change of the volume fraction of elastic material 1 as a function of the volume fraction itself and the strain & 1 8 1 9. If 1 is positive (respectively negative) it means the volume fraction of elastic material is increasing (respectively decreasing). When the volume fraction 1 is zero and the reference volume fraction # 3 is equal to 2, we can choose 8 1 9 4 1, and then the constitutive equation (6) is the generalized Hooke's law, the remodeling rate equation does not exist and problem (5)-(9) coincides with the classical linearized elasticity model.
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In [3] an existence and regularity result is proved, for the model (5)-(9) but with a remodeling rate equation linear in strain: that is, when (8) is replaced by
which does not contain the nonlinear term on strain * . It is possible to prove that the results of existence and regularity of solution of [3] may be extended to the case where the remodeling rate equation includes the nonlinear term on strain as in (8). Moreover, using arguments similar to those of [5] , the uniqueness of solution can also be proven. The next theorem states these existence and uniqueness results for the adaptive elastic rod problem (5) (8)- (9) for a fixed 1 ), 1 is the elasticity operator (solution of problem (5)- (7) for a fixed 1 ), 2 is an injection operator (which specifies the regularity of the solution of (5)- (7) [6, 7] ) and is a compact injection operator. These operators are defined in the following spaces: (8)- (9) for a fixed 1 , and 18 1 9 4 1 is the solution of the elasticity system (5)- (7) for a fixed 1 . We remark that the assumption of the theorem implies that the injection operator 2 in the composition 2 1 & 1 is well defined. In fact, for a fixed 1 the solution 1 of the elasticity problem (5)- (7) has the regularity 5 16 83 1 96 2 , with -6 , if the domain is of class 1 (see [6, 7] ), which is not verified for the domain 3 1 . Nevertheless, this type of regularity on the solution exists in a great variety of interesting particular cases for a cylindrical rod as 3 1 , which justifies the assumption. 1
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In this section our purpose is to study the behavior of the solution 8 1 7 1 9, when 4 tends to zero. We first reformulate the adaptive elastic model in a set independent of 4, and introduce some appropriate assumptions on the data. Moreover, we assume, as in the elastic case [4] , that the unknown displacement field admits an expansion of positive powers of 4. This asymptotic expansion induces a similar expansion for the change in volume fraction of elastic material, due to the definition of the remodeling rate equation (8) and the assumptions on the material coefficients. Then, we adapt and extend the results of the elastic displacement case of [4] , obtained for displacement-traction boundary conditions, to the adaptive elastic displacement case (5)- (7), with pure traction boundary conditions. We obtain some properties and a characterization of the term of order 4 3 in the asymptotic expansion of the displacement field. We also identify the three first terms of the asymptotic expansion of the change in volume fraction. These are the unique solutions of ordinary differential equations, with respect to time. Moreover, we prove the convergence of the displacement vector field and the change in volume fraction to the first terms of the corresponding asymptotic expansions. Finally, we particularize the results to the case of an adaptive elastic rod model with a remodeling rate equation linear in strain.
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In this section we redefine problem (5)-(9) in a fixed domain. This is achieved through appropriate scalings, which is a consequence of the change of coordinates to the fixed domain, and imposing assumptions on the data.
The fixed domain is 1 2 9, with the same origin , induces a transformation on the components (covariant and contravariant) of these tensor fields of orders zero, one and two. Using tensor calculus laws, the expressions relating the components of 1 , 
where the terms 9 depend on and and are independent of 4. Because of the definition of the remodeling rate equation (8) 
which is impossible, from the physical viewpoint. Therefore we suppose that the truncation operator, the elasticity coefficients, the remodeling coefficients and the constitutive function do not depend on negative powers of 4. Moreover, we assume that these quantities are all independent of 4, which is acceptable from the mechanical viewpoint, and depend only on 3 , the first term of the asymptotic expansion of 849: that is 
where , 9 , % 9 , and ) 9 are independent of 4.
With all these assumptions and scalings, the problem (5)- (9) In this section we extend the results of [4] to problem (35), in order to derive some properties and a characterization of the first term 3 of the asymptotic expansion (32). We remark that the differences between the equilibrium equation of the elasticity model considered in [4] , Chapter IV, for a nonhomogeneous anisotropic linear elastic rod, and the equilibrium equation (35) of the adaptive elasticity model considered in this paper are the boundary conditions and the fact that the displacement vector field depends implicitly on time in the adaptive elastic model. In [4] displacement-traction boundary conditions were considered, whereas in (35) we have pure traction boundary conditions. Nevertheless, it is possible to prove that the results of [4] can be extended to the elasticity model with pure traction boundary conditions, and therefore can be extended also to the equilibrium problem (35). In this section we summarize these extended results for problem (35). These results will be used in Section 3.3 to deduce the properties of the terms of the asymptotic expansion of 849.
Setting equal to zero the different factors of the successive odd powers of 4 in (35), we can prove as in [4] Using again the same techniques as in [4] we can prove that
and so the asymptotic expansion for the scaled stress tensor is
We introduce now the coefficients 9 8 3 9 of the inverse matrix defined by the elastic coefficients % 9 8 3 9, that is & 9 88499 4 9 8 3 9! 8497 ! 9 849 4 % 9 8 3 9& 884998
We remark that because of the properties of % 9 8 3 9
9 8 3 9 4 9 8 3 9 4 9 8 3 9 4 2 8 3 9 4 4 222 8 3 9 4 18 (48)
Moreover, we define the following functions of 2 that depend also on 3 and, consequently, on : 
We can now characterize the first term 3 in the asymptotic expansion (41) 92 For each we obtain the characterization (50), (51)-(52) and (53) using the reasoning of Theorem 23.1 of [4] . The proof of existence and uniqueness of solution is based on the Lax-Milgram Theorem (see [6] ). In fact, in the quotient space 8398 the following Korn's type inequality is verified [6, 7] : In addition, the variational formulation of (51)- (52) ( 9 9 87 3 7 2 9 7 9 839 88 (57)
Using the inequality (54) it is possible to show that 887 89 is elliptic in 839 8, in the sense that there exists a constant %, such that % 6 17 87 9 %77 98 334 567 2 7 9 839 88 (58)
Since 5889 is also continuous in 839 8 equipped with the norm 787 98 334 567 2 , we conclude by the Lax-Milgram theorem that for each , then 3 887 9 is the unique solution of (51)-(52). 1 22 #7768$76859 5 6 % 5 6 !"6568 "79859 5 2819
Using the results of the two previous sections we can now identify and derive some conclusions about the terms of the asymptotic expansion (33) of 849. To this end we also suppose that the scaled initial condition 849 defined in (37) which gives the initial conditions of (60) 
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In this paper we considered the adaptive elasticity model derived in [1, 2] , with the modification proposed in [3] and applied to a thin rod characterized by the dependence of the cross section on a small parameter. We applied the asymptotic expansion techniques described in [4] , by assuming that the unknown displacement vector field admits an expansion of positive powers of the geometric small parameter. This assumption immediately induces an asymptotic expansion of the same type on the other unknown of the model, that is, the change in volume fraction of elastic material.
We then proved that the displacement vector field and the change in volume fraction strongly converge to the first terms of the corresponding asymptotic expansions. Moreover, the limit model, for which we proved existence and uniqueness, is a simplified adaptive elasticity model, with generalized Bernoulli-Navier equilibrium equations and a remodeling rate equation whose driving mechanism is the strain energy per unit volume, in good agreement with some of the most popular models used in practice.
Finally, in Section 3.6 we showed that all the previous results can be particularized for the case of an adaptive elasticity model, with a remodeling rate equation depending linearly on the strain field, and we also derived additional weak convergence results for this linear case.
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